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BIFURCATION RESULTS FOR THE YAMABE PROBLEM ON
RIEMANNIAN MANIFOLDS WITH BOUNDARY
ELKIN D. CARDENAS
Abstract. We consider the product of a compact Riemannian manifold with-
out boundary and null scalar curvature with a compact Riemannian mani-
fold with boundary, null scalar curvature and constant mean curvature on the
boundary. We use bifurcation theory to prove the existence of a infinite num-
ber of conformal classes with at least two non-homothetic Riemannian metrics
of null scalar curvature and constant mean curvature of the boundary on the
product manifold.
1. Introduction
Let (M, g) be a compact Riemannian manifold without boundary of dimension
m ≥ 3. It is well know that the metrics of constant scalar curvature in the conformal
class [g] of g can be characterized variationally as critical points of the Hilbert-
Einstein functional on the conformal class [g]. The existence of metrics with constant
scalar curvature in conformal class [g] was established trough the combined works
of Yamabe [18], Trudinger [17], Aubin [3] and Schoen [15].
Once the existence of constant scalar curvature metrics conformal to g has been
established, it is natural do ask about its uniqueness. For instance, if the Yam-
abe constant Y [M, [g]] defined as the minimum of the normalized Hilbert-Einstein
functional on [g] is non-positive then there exists only one of these metrics (up to
homotheties). Also, if g is an Einstein metric which is not conformal to the round
metric on the sphere Sn, there exists one unique metric of unit volume and con-
stant scalar curvature in [g] by a result of Obata [13]. However, Pollack proved
in [14] that if the Yamabe constant Y [M, [g]] is positive then there are conformal
classes with an arbitrarily large number of metrics of unit volume and constant
scalar curvature sufficiently C0- close to [g].
Bifurcation techniques have been successfully used to study multiplicity of solu-
tions for the Yamabe problem, both in the compact and the nonimpact case, see
for instance [7], [5] and [6]. In particular, Lima et al. in [12] using bifurcation
techniques proved a result of multiplicity in an infinite number of conformal classes
on product manifolds.
For compact Riemannian manifolds with boundary and dimension m ≥ 3 similar
problems to those mentioned above have been studied by different authors. For
instance, Escobar proved in [?] that almost every compact Riemannian manifold
with boundary is conformally equivalent to a with null scalar curvature and constant
mean curvature on the boundary. Uniqueness results were obtained by Escobar in
[11].
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Motivated by the results in [12] in this paper using the bifurcation theory we
study the multiplicity of metrics with null scalar curvature and constant mean cur-
vature on conformal class of a product metric. More precisely, consider (M1, g
(1))
a compact Riemannian manifold, without boundary, null scalar curvature and
(M2, g
(2)) a compact Riemannian manifold with boundary, null scalar curvature
and constant mean curvature. Consider now the product manifold M = M1 ×M2
and the family of Riemannian metrics (gt)t>0 with null scalar curvature and con-
stant mean curvature on M defined by gt = g
(1) ⊕ tg(2). The main result of the
paper (Theorem11) states that if (M2, g
(2)) has positive constant curvature mean
on the boundary, then there is a sequence (tn) strictly decreasing tending to 0 such
that every element of this sequence is a bifurcation instant of the family (gt)t>0.
For all other value of t the family (gt)t>0 is locally rigid. The fact that every tn
is a bifurcation instant gives an entirely new sequence (gi) of Riemannian metrics
with null scalar curvature and constant mean curvature on boundary such that each
gi ∈ [gt] for some t close to tn with gi non-isometric to gt. This proves multiplicity
for an infinite number of conformal classes.
The paper is organized as follows: in section 2 we recall some basic fact about
variational characterization of the Riemannian metrics with null scalar curvature
and constant mean curvature on boundary conformally related to a metric g. In
section 3 we give an abstract result of bifurcation and we examine the convergence
of a bifurcating branch. Finally, in section 4 we show our main result.
2. Variational setting of the Yamabe problem
Let (M, g) be a compact Riemannian manifold with boundary andm = dimM ≥
3. We will denote by H1(M) the space of functions in L2(M) with first weak
derivatives in L2(M). Endowed with the inner product
〈ϕ1, ϕ2〉 =
∫
M
(
g(∇ϕ1,∇ϕ2) + ϕ1ϕ2
)
υg, ϕ1, ϕ2 ∈ H1(M),
H1(M) is a Hilbert space. Let E : H1(M) −→ R be defined by
E(ϕ) =
∫
M
(
g(∇ϕ,∇ϕ) + m− 2
4(m− 1)Rgϕ
2
)
υg +
m− 2
2
∫
∂ M
Hgϕ
2 σg.
It is well known in literature that ϕ ∈ H1(M) is a critical point of E under the
constraint C = {ϕ ∈ H1(M)| ∫∂M ϕ 2(m−1)m−2 σg = 1} if and only if the conformal
metric g˜ = ϕ
4
m−2 g has null scalar curvature and constant mean curvature, see for
instance [?, Proposition 2,1] .
2.1. The manifold of the normalized harmonic functions. To study the bi-
furcation of metrics with null scalar curvature and constant mean curvature we
will need to characterize these as critical points of E on a special submanifold of
H
1(M). For this purpos, remember that a function ϕ ∈ H1(M) is harmonic if∫
M
g(∇ϕ,∇φ) υg = 0,
for all φ ∈ H10(M), where H10(M) is the kernel of trace operator, i.e.,
H
1
0(M) = {φ ∈ H1(M)
∣∣∣φ|∂M = 0}.
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Let H1∆(M) denote the subspace of H
1(M) given by all harmonic functions.
We know that H1(M) = H10(M)⊕H1∆(M). Hence, H1∆(M) is a closed subspace of
Hilbert space H1(M), and therefore an embedded submanifold of it. By the Sobolev
embedding, there is a continuous inclusion H1(M) ⊂ Lp(∂M) with p = 2(m−1)m−2 , see
for instance [10, Th. 2.21, pg. 19]. Let H1(M, g) denote the subset of H1∆(M)
consisting of those functions ϕ such that
∫
∂M
ϕ
2(m−1)
m−2 σg = 1.
Proposition 1.
(1) H1(M, g) is an embedded codimension 1 submanifold of H1∆(M). In addi-
tion, for ϕ ∈ H1(M, g) the tangent space TϕH1(M, g) of H1(M, g) in ϕ is
given by
(2.1) TϕH1(M, g) =
{
φ ∈ H1∆(M)
∣∣∣
∫
∂M
ϕ
m
m−2φσg = 0
}
.
(2) Suppose that the metric g has null scalar curvature. Then ϕ ∈ H1(M, g)
is a critical point of E on H1(M, g) if and only if ϕ is a smooth function,
positive and the conformal metric g˜ = ϕ
4
m−2 g has null scalar curvature and
∂M has constant g˜-mean curvature.1
Assume that
∫
∂M σg = 1, and ϕ0 = 1
2 is a critical point of E on
H1(M, g) (i.e., if g has null scalar curvature and constant mean curvature)
then:
(3) The second variation d2E(ϕ0) of E at ϕ0 is given by
(2.2) (φ1, φ2) −→ 2
{∫
M
g(∇φ1,∇φ2) υg −Hg
∫
∂M
φ1φ2 σg
}
,
where φi ∈ H1∆(M) is such that
∫
∂M
φi σg = 0, i = 1, 2.
(4) There exists a (unbounded) self-adjoint operator Jg : L2(∂M) −→ L2(∂M)
such that
(2.3) d2E(ϕ0)(φ1, φ2) = 2
∫
∂M
Jg(φ1|∂M )φ2 σg,
where φi ∈ H1∆(M) satisfies
∫
∂M φi σg = 0, i = 1, 2.
Proof. Consider the function Vg : H1∆(M) −→ R defined by
Vg(ϕ) =
∫
∂M
ϕ
2(m−1)
m−2 σg.
In order to prove (1), it is sufficient to show that Vg is a submersion at ϕ, for all
ϕ ∈ H1(M, g). Note than Vg is smooth and its differential in ϕ ∈ H1(M, g) is
given by dVg(ϕ)φ = 2(m−1)m−2
∫
∂M ϕ
m
m−2φσg , for all φ ∈ H1∆(M). In particular, for
φ = ϕ we get dVg(ϕ)φ = 2(m−1)m−2 > 0, therefore dVg(ϕ) is surjective. Clearly the
kernel of dVg(ϕ) is complemented in H1∆(M), hence Vg is a submersion. Now for
ϕ ∈ H1(M, g), the tangent space TϕH1(M, g) of H1(M, g) in ϕ is the kernel of
dVg(ϕ) which establishes (2.1).
1With a slight abuse of terminology, we will say that a metric g on a manifoldM with boundary
has constant mean curvature meaning that the boundary ∂M has constant mean curvature with
respect to g.
2here 1 denote the constant function 1 on M
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If the metric g has null scalar curvature, it is easy to see that ϕ ∈ H1(M, g)
is a critical point of E on H1(M, g) if and only if it is a critical point of E under
the constraint C = {ϕ ∈ H1(M)| ∫∂M ϕ 2(m−1)m−2 σg = 1}. This proves (2). Assume∫
∂M σg = 1 and let ϕ0 = 1 be a critical point of E on H1(M, g). The formula (2.2)
is a straightforward computation based on the method of Lagrange multipliers.
Finally, given φ1, φ2 ∈ H1(M) we have
∫
M
g(∇φ1,∇φ2) υg =
∫
∂M
Ng(φ1|∂M )φ2 σg,
where Ng denotes the Direchlet-Neumann map, see for instance [2]. Hence from
(2.2) we have
d2E(ϕ0)(φ1, φ2) = 2
∫
∂M
(Ng(φ1|∂M )−Hgφ1)φ2σg,
which proves (3) with Jg(φ1) = Ng(φ1|∂M )−Hgφ1.

We will call H1(M, g) the manifold of normalized harmonic functions.
2.2. Jacobi Operator. The unbounded linear operator Jg : L
2(∂M) −→ L2(∂M)
defined by
Jg(φ) = Ng(φ)−Hgφ
is called the Jacobi operator. From the equation (2.3) follows that the dimension
of KerJg and the number (counted with multiplicity) of negative eigenvalues of Jg
are the nullity and the Morse index of ϕ0 as a critical point of d
2E in H1(M, g).
The spectrum of Jg restricted to L0(M), where
L0(M) = {φ ∈ L2(∂M)| φ = ϕ|∂M , ϕ ∈ H1∆(M)},
is given by
−Hg < ρ1(Ng)−Hg ≤ ρ2(Ng)−Hg ≤ ρ3(Ng)−Hg ≤ · · · ,
where the ρj(Ng) are repeated according to multiplicity. This proves the following
Proposition 2. Assume that ϕ0 ≡ 1 is a critical point of E : H1(M, g) −→ R.
Then:
(1) The Morse index i(g) of ϕ0 is given by
i(g) = max{j|ρj(Ng) < Hg}.
(2) The nully of ϕ0, denoted with ν(g), is
ν(g) = dimKerJg.
Remark 3. Observe that −Hg is not included in the spectrum of Jg|L0(M) since
the only constant function on L0(M) is the function null. We also recall the well
known fact that eigenfunctions of Jg are smooth and form an orthonormal basis of
L0(M).
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2.3. Manifold of normalized Riemannian metrics on M . For k ≥ 2, let
Sk(M) denote the space of Ck−sections of the vector bundle T ∗M ⊗ T ∗M of sym-
metric (0,2)-tensors of class Ck on M . Sk(M) has natural structure of Banach
space. The set of all Riemannian metrics of class Ck on M Met k(M) is an open
subset of Sk(M) and hence an embedding submanifold of it. For all g ∈Met k(M)
the tangent space TgMet
k(M) of Met k(M) in g is given by TgMet
k(M) = Sk(M)
(see [8] and the reference given there for more details on the manifold Met k(M)).
Let V : Met k(M) −→ R be defined by
V(g) =
∫
∂M
σg.
It is easy to check that V is a submersion and therefore
M =
{
g ∈Met k(M)
∣∣∣
∫
∂M
σg = 1
}
,
it is an embedding submanifold of Met k(M). We will call M the manifold of
normalized Riemannian metrics on M .
3. Bifurcation of solutions and convergence of bifurcation branches
Let us consider a smooth curve [a, b] ∋ t −→ gt ∈ M with ϕ0 = 1 is a critical
point of E on H1(M, gt) for all t ∈ [a, b] (i.e., gt has null scalar curvature and
constant mean curvature for all t).
Definition 1. Let [a, b] ∋ t −→ gt ∈M be a curve as above. An element t∗ ∈ [a, b]
said to be a bifurcation instant for the family (gt)t∈[a,b] if there exists a sequence
(tn) ⊂ [a, b] and a sequence (ϕn) ⊂ H1(M) such that
(a) ϕn is a critical point of E on H1(M, gtn) for all n;
(b) ϕn 6= 1 for all n;
(c) tn −→ t∗ as n −→ +∞;
(d) ϕn −→ 1 as n −→ +∞ on H1(M).
If t∗ ∈ [a, b] is not a bifurcation instant, then we say that the family (gt)t∈[a,b] is
locally rigid at t∗.
Given g ∈ M with null scalar curvature and constant mean curvature Hg, we
say that g is nondegenerate if either Hg = 0 or Hg is not an eigenvalue of Ng. The
following bifurcation criterion is used to guarantee the conclusion of this work.
Theorem 4. Let M be a compact manifold with boundary, with m = dimM ≥ 3.
Let [a, b] ∋ t −→ gt ∈ M be a smooth curve of Riemannian metrics, with zero
scalar curvature and constant mean curvature for all t ∈ [a, b]. Given t ∈ [a, b] let
us denote by nt the number of eigenvalues (counted with multiplicity) of Ngt that
are less than Hgt . Suppose that:
(1) The metrics ga and gb are nondegenerate,
(2) na 6= nb.
Then, there exists a bifurcation instant t∗ ∈ ]a, b[ for the family (gt)t∈[a,b].
Proof. The result follows from the non-equivariant bifurcation theorem [12, Theo-
rem A.2] 
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Remark 5. It follows from implicit function theorem that if t∗ is a bifurcation
instant for the family (gt)t∈[a,b], then the mean curvature Hgt∗ of the metric gt∗ is
a nonzero eigenvalue of Ngt∗ , see for instance [12, Prop. 3.1]. An instant t ∈ [a, b]
such that the mean curvature Hgt is a nonzero eigenvalue of Ngt is called degeneracy
instant of (gt)t∈[a,b].
3.1. Convergence of bifurcation branches. Our purpose in this section is to
settle the type of convergence of a bifurcating branch of solutions of the Yamabe
problem in manifolds with boundary.
Proposition 6. Let (gt)t∈[a,b] be a family of Riemannian metrics as above. If t∗
is a bifurcation instant for the family (gt)t∈[a,b] then
(1) Hn −→ Ht∗ as n −→ +∞, where Hn denotes the mean curvature of the
metric gn = ϕ
4
m−2
n gtn ;
(2) If m ≥ 4 then ϕn −→ 1 in Ws,p for all integer s and p = 2(m−2)m ;
(3) If m ≥ 4 then ϕn −→ 1 on Cs(M) for all integer s.
Proof. By Proposition 1 for each n ∈ N, the conformal metric gn = ϕ 4m−2 gtn has
null scalar curvature and constant mean curvatureHn. As ϕn satisfies the equations
(3.1)


∆gtnϕn = 0 in M,
∂ϕn
∂ηtn
+ m−22 Hgtnϕn =
m−2
2 Hnϕ
m
m−2
n on ∂M,
partial integration in (3.1) yields:
(3.2) Hn =
2
m− 2
∫
M
gtn(∇tnϕn,∇tnϕn) υgtn +Hgtn
∫
∂M
ϕ2n σgtn ,
where ∇tn denotes the gradient operator calculated respect to the metric gtn . Since
gtn −→ gt∗ in the Ck-topology then Hgtn −→ Hgt∗ , υgtn = ψnυgt∗ and σgtn =
ψˆnσgt∗ where ψn −→ 1 and ψˆn −→ 1 in the Ck-topology. Moreover, since ϕn −→ 1
in H1(M) then
∫
M
m∑
i,j=1
∂ϕn
∂xi
∂ϕn
∂xj
υgt∗ −→ 0 as n −→ +∞.
Hence ∫
M
gtn(∇tnϕn,∇tnϕn) υgtn −→ 0 as n −→ +∞.
On the other hand the continuity of the embedding H1(M) into L2(∂M) yields∫
∂M
ϕ2n σgt∗ −→ 1 as n −→ +∞.
Thus ∫
∂M
ϕ2n σgtn −→ 1 as n −→ +∞.
Therefore of (3.2) we get
Hn −→ Ht∗ as n −→ +∞.
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In order to prove (2) note that vn = ϕn − 1 satisfy
(3.3)


∆gtn vn = 0 in M,
∂vn
∂ηtn
+ m−22 Hgtnϕn =
m−2
2 Hnϕ
m
m−2
n on ∂M.
It is follows from standard elliptic estimates (see for instance [1, Th. 15.2, pag. 704])
that
(3.4) ‖ϕn − 1‖Ws,p(M) ≤
Cn
{∥∥∥−m− 2
2
Hgtnϕn +
m− 2
2
Hgnϕ
m
m−2
n
∥∥∥
W
s−1− 1
p
,p
(∂M)
+ ‖ϕn − 1‖Lp(M)
}
,
where s is positive integer, 1 ≤ p = 2(m−2)m < 2 and the constant Cn depends only
on s, the manifoldM , the L∞−norm of the coefficients of the elliptic operator ∆gtn ,
the ellipticity constant of ∆gtn , and the moduli of continuity of the coefficients of
∆gtn . As gtn tend to gt∗ in the Ck-topology then the coefficients of ∆gtn tend
uniformly to the coefficients of the operator ∆gt∗ . Thus, in (3.4) we can choose a
constant Cn ≡ C that does not depend on n. Trace theorem says that the inclusion
Ws,p(M) →֒Ws− 1p ,p(∂M) is continuous hence of (3.4) we have
(3.5) ‖ϕn − 1‖Ws,p(M) ≤ C
{∥∥∥∥−m− 22 Hgtnϕn +
m− 2
2
Hgnϕ
m
m−2
n
∥∥∥∥
Ws−1,p(M)
+ ‖ϕn − 1‖Lp(M)
}
,
for some positive constant C. Since the inclusion H1(M) →֒ Lp(M) is continuous,
then ‖ϕn − 1‖Lp(M) −→ 0. Furthermore, the inclusion H1(M) →֒ W1,p(M) is
continuous because 1 ≤ p < 2. Hence for s = 2 we get that ϕn −→ 1 in Ws−1,p.
We claim that ϕ
m
m−2
n −→ 1 in W1,p(M). Indeed:∫
M
(ϕ
m
m−2
n − 1)
2(m−2)
m υgt∗ ≤ Volgt∗ (M)
2
m
(∫
M
(ϕ
m
m−2
n − 1)2 υgt∗
)m−2
m
= Volgt∗ (M)
2
m
∫
M
[(
ϕ
2m
m−2
n − 1
)− 2(ϕ mm−2n − 1)
]
υgt∗ .
The continuity of the inclusions H1(M) →֒ L 2mm−2 (M) and H1(M) →֒ L mm−2 (M)
imply that ∫
M
(ϕ
m
m−2
n − 1)
2(m−2)
m υgt∗ −→ 0.
Moreover for each 1 ≤ i ≤ m∫
M
(∂iϕ
m
m−2
n )
2(m−2)
m υgt∗ =
( m
m− 2
)m−2
m
∫
M
ϕ
4
m
n (∂iϕn)
2(m−2)
m υgt∗
≤
( m
m− 2
)m−2
m
(∫
M
(∂iϕn)
2 υgt∗
)m−2
m
(∫
M
ϕ2n υgt∗
) 2
m
.
As the right side of the above inequality tends to zero then∫
M
(∂iϕ
m
m−2
n )
2(m−2)
m υgt∗ −→ 0,
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this proves our claim. By (3.5) we have that ϕn −→ 1 inW2,p(M). Using induction
on s in equation (3.4) we obtain ϕn −→ 1 in Ws,p for all integer s. This proves (2).
Finally, the proof of statement (3) is a direct consequence of the continuous
inclusion Wr+1,p(M) →֒ Cs(M), which holds when r > s− 1 + mp , see for instance
[?, Th. 2.30, pag. 50]. 
Remark 7. It is important to stress that, for all t ∈ (0,∞), one has ∆tg =
1
t∆, Htg =
1√
t
Hg and η
tg = 1√
t
ηg. This means that the spectrum of the
operator Ng − Hg is invariant by homethety of the metric. On the other hand,
σtg = t
m−1/2σg. When needed, we will normalize metrics to have volume 1 on the
boundary, without changing the spectral theory of the operator Ng −Hg.
4. Bifurcation of solutions for the Yamabe problem on product
manifolds
Let (M1, g
(1)) be a compact Riemannian manifold without boundary and null
scalar curvature, and let (M2, g
(2)) be a compact Riemannian manifold with bound-
ary, null scalar curvature and constant mean curvature. Consider the product
manifold, M = M1 × M2, which boundary is given by ∂M = M1 × ∂M2. Let
m1 and m2 be the dimensions of M1 and M2, respectively, and assume that
m = dimM = m1 + m2 ≥ 3. For each t ∈ (0,+∞), define gt = g(1) ⊕ tg(2) a
metric on the product manifold M . It is easily see that the Riemannian manifold
(M, gt) have null scalar curvature and constant mean curvature
Hgt =
m2 − 1
(m− 1)√tHg(2) =
Hˆg(2)√
t
, for all t > 0,
where Hˆg(2) =
m2−1
(m−1)Hg(2) . Let Ht denote the subspace of L2(∂M) consisting of
functions ψ such that ψ = ϕ|∂M , ϕ ∈ H1∆(M) and
∫
∂M
ψ σgt = 0 and let Et denote
the subspace of L2(∂M) of those maps φ such that
∫
∂M φσgt = 0. Let Jt : Ht −→ Et
be the Jacobi operator defined by
Jt(ψ) = Ngt(ψ)−Hgtψ.
Denote by 0 = ρ(0) < ρ(1) < ρ(2) < . . . the sequence of all distinct eigenvalues of
∆g(1) , with geometric multiplicity µ
(i), i ≥ 0, and by ρ(i)j (t) the j−e´simo eigenvalue
of the problem
(4.1) ∆g(2)ϕ+ tρ
(i)ϕ = 0 in M2,
∂ϕ
∂η2
= ρϕ on ∂M2,
with t > 0. We will denote by µ
(i)
j the geometric multiplicity of ρ
(i)
j (t) and we
emphasize that ρ
(i)
j (t)’s are not necessarily all distinct. The spectrum Σ(Jt) of the
Jacobi operator Jt is given by
Σ(Jt) =
{ρ(i)j (t)− Hˆg(2)√
t
∣∣∣ i+ j > 0, i, j ∈ N∗},
where N∗ = N ∪ {0}. We are interested in determining all values of t for which
ρ
(i)
j (t) = Hˆg(2) , for some i, j ∈ N∗ with i + j > 0. In this case, the Jacobi operator
Jt is degenerate.
Remark 8.
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(a) For i = 0 and j ∈ N∗, ρ(i)j (t) is an eigenvalue for Ng(2) . Hence if Hˆg(2)
is an eigevalue for Ng(2) then the Jacobi operator Jt is degenerate for all
t > 0.
(b) Given ρ(i) > 0 and j ∈ N∗, using the variational characterization of ρ(i)j (t)
it is easily seen that
ρ
(i)
j (t1) < ρ
(i)
j (t2),
for all 0 < t1 < t2.
Proposition 9. Assume that Hˆg(2) is not an eigevalue for Ng(2) . For i ∈ N, let
ρ
(i)
0 (t) denote the first eigenvalue of the problem (4.1). Then,
(1) The map (0,∞) ∋ t −→ ρ(i)0 (t) ∈ R is continuous;
(2) ρ
(i)
0 (t) −→ 0, as t −→ 0;
(3) ρ
(i)
0 (t) −→∞, as t −→∞;
(4) If Hg(2) > 0, there exists an unique ti > 0 satisfying ρ
(i)
0 (ti) = Hˆg(2) .
Proof. Since the map (0,∞) ∋ t −→ ρ(i)0 (t) ∈ R is strictly increasing, in order to
establish (1) we will show that given t0 > 0 and any two sequences (t
(1)
n )n, (t
(2)
n )n
such that t
(1)
n ց t0 and t(2)n ր t0 we have
(4.2) inf
n
ρ
(i)
0 (t
(1)
n ) = ρ
(i)
0 (t0) = sup
n
ρ
(i)
0 (t
(2)
n ).
It is clear that ρ
(i)
0 (t0) < ρ
(i)
0 (t
(1)
n ) for all n ∈ N, hence ρ(i)0 (t0) ≤ infn ρ
(i)
0 (t
(1)
n ).
On the other hand, by the variational characterization of ρ
(i)
0 (t0), there exists ϕ ∈
C∞(M2) such that
ρ
(i)
0 (t0) = Et0(ϕ) :=
∫
M2
(
g(∇ϕ,∇ϕ) + t0ρ(i)ϕ2
)
υg(2) .
Thus of the variational characterization of ρ
(i)
0 (t
(1)
n ) follows that
ρ
(i)
0 (t
(1)
n ) ≤ Et(1)n (ϕ) :=
∫
M2
(
g(∇ϕ,∇ϕ) + t(1)n ρ(i)ϕ2
)
υg(2) , for all n ∈ N.
Therefore
inf
n
ρ
(i)
0 (t
(1)
n ) ≤ infn Et(1)n (ϕ) = Et0(ϕ) = ρ
(i)
0 (t0),
which proves the left equality in (4.2). We will show now the equality of the right
hand side in (4.2). Given the sequence (t
(2)
n )n such that t
(2)
n ր t0, it is evident that
sup
n
ρ
(i)
0 (t
(2)
n ) ≤ ρ(i)0 (t0). Given n ∈ N, let ϕn ∈ C∞(M2) be such that
ρ
(i)
0 (t
(2)
n ) = Et(2)n
(ϕn),
∫
∂M2
ϕ2n σg(2) = 1, and
∫
∂M2
ϕn σg(2) = 0,
this ϕn exists because of the variational characterization of ρ
(i)
0 (t
(2)
n ). Note that
{ϕn} is a bounded subset in H1(M2). Since bounded sets are weakly compact in
a Hilbert space, there exists a subsequence of {ϕn}, denoted also by {ϕn}, that
converges weakly to a function ψ ∈ H1(M2). Then
∫
∂M2
ψ σg(2) = 0. Since the
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embeddings H1(M2) into L
2(∂M2) and into L
2(M2) are compact, then the sequence
{ϕn} satisfies∫
∂M2
ϕ2n σg(2) −→
∫
∂M2
ψ2 σg(2) and
∫
M2
ϕ2nσg(2) −→
∫
M2
ψ2 σg(2) .
Hence
∫
∂M2
ψ2σg(2) = 1. From the variational characterization of ρ
(i)
0 (t0) we get
ρ
(i)
0 (t0) ≤ Et0(ψ). Since∫
M2
g(∇ψ,∇ψ)σg(2) ≤ lim sup
n
∫
M2
g(∇ϕ2n,∇ϕ2n)σg(2) ,
then
Et0(ψ) ≤ lim sup
n
E
t
(2)
n
(ϕn) = lim sup
n
ρ
(i)
0 (t
(2)
n ) = sup
n
ρ
(i)
0 (t
(2)
n ),
the inequality above establishes the equality of the right hand side in (4.2), which
completes the proof of (1). Now we will prove (2). To this end note that 0 ≤ ρ(i)0 (t)
for all t > 0. Thus 0 ≤ inf
t>0
ρ
(i)
0 (t). On the other hand, it is known that there exists
C > 0 such that∫
M2
ϕ2 υg(2) ≤ C
{∫
M2
g(∇ϕ,∇ϕ) υg(2) +
∫
∂M2
ϕ2 σg(2)
}
,
for all ϕ ∈ H1(M2). Thus
Et(ϕ) ≤
∫
M2
g(∇ϕ,∇ϕ) υg(2) + tρ(i)C
{∫
M2
g(∇ϕ,∇ϕ) υg(2) +
∫
∂M2
ϕ2 σg(2)
}
.
Hence
Et(ϕ)∫
∂M2
ϕ2 σg(2)
≤ (1 + tρiC)
∫
M2
g(∇ϕ,∇ϕ) υg(2)∫
∂M2
ϕ2 σg(2)
+ tρiC,
for all ϕ ∈ H1(M2)\{0}. Using the variational characterization of ρ(i)0 (t), it follows
from the inequality above that
0 ≤ ρ(i)0 (t) ≤ tρ(i)C, for all t > 0.
Therefore
ρ
(i)
0 (t) −→ 0 as t −→ 0.
In order to prove (3) suppose the assertion is false. Let ρ ∈ R be such that
lim
t−→∞
ρ
(i)
0 (t) = ρ. Clearly ρ
(i)
0 (t) ≤ ρ. Let ϕt ∈ C∞(M2) be such that
ρ
(i)
0 (t) = Et(ϕt) and
∫
∂M
ϕ2t σg(2) = 1.
We claim that
∫
M2
ϕ2tυg(2) −→ 0 at t −→ ∞. In fact, otherwise
inf
t>0
∫
M2
ϕ2tυg(2) > 0,
hence there exists t > 0 such that
ρ < t inf
t>0
∫
M2
ϕ2tυg(2) ≤ ρ(i)0 (t),
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this contradicts the fact that ρ
(i)
0 (t) ≤ ρ. However {ϕt}t>0 is a bounded set in
H1(M2), thus there exists a sequence (ϕtn)n ⊂ {ϕt}t>0 such that∫
∂M2
ϕ2tnυg(2) −→ 0 as n −→∞,
which is impossible since
∫
∂M2
ϕ2tnυg(2) = 1 for all n ∈ N. Therefore limt−→∞ ρ
(i)
0 (t) =
∞. Finally, (4) is a direct consequence of (1)—(3). 
Corollary 10. Let (M1, g
(1)) be a compact Riemannian manifold without boundary
and scalar curvature null. Let (M2, g
(2)) be a compact Riemannian manifold with
boundary, scalar curvature null, and constant mean curvature Hg(2) . We will
denote by M the product manifold M1 ×M2. Consider the family of Riemannian
metrics gt = g
(1) ⊕ tg(2), t > 0, on M and suppose that m = dimM ≥ 3. Then:
(a) If Hg(2) ≤ 0, then the Jacobi operator is nondegenerate for all t ∈]0,∞[. In
particular, the family (gt)t>0 is locally rigid for all t > 0.
(b) If Hg(2) > 0 and Hˆgt is not a Steklov eigevalue for ∆g(2) , there exists a
strictly decreasing sequence tending to zero consisting of degeneracy instants
of the family (gt)t>0. For all other values of t, the Jacobi operator Jt is
nonsingular.
Proof. (a) follows easily from remark 5. For each i ∈ N, let ti denote the unique
positive real number such that ρ
(i)
0 (ti) = Hˆg(2) . For 0 < i1 < i2 we obtain
Hˆg(2) = ρ
(i1)
0 (ti1) < ρ
(i2)
0 (ti1) ≤ ρ(i2)0 (t), t ≥ ti1
Therefore ti+1 < ti for all i ∈ N. Hence the sequence (ti)i∈N is strictly decreasing.
Clearly the Jacobi operator Jti is degenerate for all i ∈ N. Let ϕi ∈ C∞(M2) be
such that
(4.3) ρ
(i)
0 (ti) = Eti(ϕi) and
∫
∂M2
ϕ2i σg(2) = 1.
As ρ
(i)
0 (ti) = Hˆg(2) for all i ∈ N, from first equality in (4.3) follows that∫
M2
g(∇ϕi,∇ϕi) υg(2) ≤ Hˆg(2) , for all i ∈ N.
Using the inequality above and the second equality in (4.3), we conclude that
{ϕi}i∈N is bounded in H1(M2). We claim that inf
i
∫
M2
ϕ2i υg(2) > 0. In fact, otherwise
there exists a sequence (ϕtin )n∈N ⊂ {ϕi} which converges weakly to 0 in H1(M2).
Since the embedding of H1(M2) into L2(∂M) is compact then
∫
∂M2
ϕ2tin σg(2) −→ 0
as n −→∞. This contradicts the fact that ∫∂M2 ϕ2i σg(2) = 1 for all i ∈ N. Thus
0 < ti =
Hˆg(2) −
∫
M2
g(∇ϕi,∇ϕi) υg(2)
ρi
∫
M2
ϕ2i υg(2)
≤ Hˆg(2)
ρi inf
i
∫
M2
ϕ2i υg(2)
−→ 0,
as i −→∞, Which proves (b).

We are ready for our main result.
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Theorem 11. Let (M1, g
(1)) be a compact Riemannian manifold without boundary
with scalar curvature zero and (M2, g
(2)) a compact Riemannian manifold with
boundary, having scalar curvature zero and positive constant mean curvature Hg(2) .
Assume that Hˆgt is not a Steklov eigevalue for ∆g(2) and dim (M1)+dim (M2) ≥ 3.
For all t ∈ (0,∞), let gt = g(1) ⊕ tg(2) be the metric on the product manifold with
boundary, M = M1×M2. Then there exists a sequence tending to zero consisting of
bifurcation instants for the family (gt)t>0. For all other values of t > 0 the family
(gt)t>0 is locally rigid.
Proof. Corollary 10 establishes the existence of a strictly decreasing sequence (tˆn)
converging to 0 such that the Jacobi operator Jtˆn is singular for all n ∈ N. Note
that
Hˆg(2) = ρ
(1)
0 (tˆ1) < ρ
(i)
0 (t) ≤ ρ(i)j (t), i, j ∈ N, and t > tˆ1.
Therefore the Jacobi operator is nonsingular on ]tˆ1,+∞[. Our next claim is that
there are at most a finite number of degeneracy instants for the family (gt)t>0 into
]tˆi+1, tˆi[. Indeed, note that
Hˆg(2) = ρ
(i+1)
0 (tˆi+1) < ρ
(i+1)
0 (t) ≤ ρ(r)j (t), r ≥ i+ 1, t > tˆi+1, j ∈ N∗.
Hence, if ρ
(r)
j (t) = Hˆg(2) , t ∈]tˆi+1, tˆi[, then 1 ≤ r ≤ i. In addition, for all r there
exists J(r) ∈ N such that
Hˆg(2) < ρ
(r)
j (tˆi+1) < ρ
(r)
j (t), j > J(r), t > tˆi+1.
Let J0 = max
1≤r≤i
min J(r). Thus , if ρ
(r)
j (t) = Hˆg(2) with t ∈
]
tˆi+1, tˆi
[
then 1 ≤ r ≤ i
and 1 ≤ j ≤ J0. Finally, for i1 < i2 we have that ρ(i1)j (t) < ρ(i2)j (t) for all t and
j. Therefore, for each pair (r, j) there exists at most one t = t(r, j) such that
ρ
(r)
j (t) = Hˆg(2) , which proves our claim. Hence the set of all degeneracy instants
for the family (gt)t>0 consists of a strictly decreasing sequence (ti)i∈N converging
to 0. For each i ∈ N, there exists ǫ = ǫ(i) > 0 such that
[ti−ǫ, ti+ǫ] ∩ (tn)n∈N = {ti}.
Moreover, for all i and j the map t −→ ρ(i)j (t) is strictly increasing. Therefore
nti−ǫ 6= nti+ǫ. Theorem 4 ensures that every degeneracy instant is a bifurcation
instant. 
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